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ON DEFOCUSING FOURTH-ORDER COUPLED NONLINEAR 
SCHRODINGER EQUATIONS 

R. GHANMI AND T. SAANOUNI 


Abstract. We investigate the initial value problem for some defocusing coupled 
nonlinear fourth-order Schrodinger equations. Global well-posedness and scatter¬ 
ing in the energy space are obtained. 
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1. Introduction 


We consider the initial value problem for a defocusign fourth-order Schrodinger 
system with power-type nonlinearities 


( 1 . 1 ) 


i-§^Uj + A'^Uj -b ^ ajk\uk\^\uj\^~‘^Uj = 0; 

k=l 

Uj{0,x) = 
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where Uj :M. x —)■ C for j G [1, m] and ajk = ttkj are positive real numbers. 

Fourth-order Schrodinger equations have been introduced by Karpman [n] and 
Karpman-Shagalov na to take into account the role of small fourth-order disper¬ 
sion terms in the propagation of intense laser beams in a bulk medium with Kerr 
nonlinearity. 

The m-component coupled nonlinear Schrodinger system with power-type nonlin¬ 
earities 

d 

^ 0^ '^j T I 1^ I1^ ^j"! 

k=l 


arises in many physical problems. This models physical systems in which the held 
has more than one component. For example, in optical hbers and waveguides, the 
propagating electric held has two components that are transverse to the direction of 
propagation. Readers are referred to various other works ^m\ for the derivation 
and applications of this system. 

A solution u := {ui,...,Um) to fll.ip formally satishes respectively conservation of 
the mass and the energy 


E{u{t)) 



M{uj)-.= / \uj{x,t)\‘^ dx = 

Jrn 

1 m 

\Aujf dx + — ttjk \uj{x,t)f\uk{x,t)fdx = E{u{0)). 


Before going further let us recall some historic facts about this problem. The 
model case given by a pure power nonlinearity is of particular interest. The question 
of well-posedness in the energy space was widely investigated. We denote for 
p > 1 the fourth-order Schrodinger problem 

{NLS)p idtu + A\±u\u\P-^ = 0, n : M x ^ C. 

This equation satishes a scaling invariance. In fact, if m is a solution to {NLS)p with 

4 4 

data Mo, then ux ■= A^m(A^ ■, A .) is a solution to {NLS)p with data A^mo(A .). 
For Sc ■= Y — the space whose norm is invariant under the dilatation 
M I— )■ ma is relevant in this theory. When Sc = 2 which is the energy critical case, the 
critical power is pc ■= N > 5. Pausader [19] established global well-posedness 
in the defocusing subcritical case, namely 1 < p < Pc- Moreover, he established 
global well-posedness and scattering for radial data in the defocusing critical case, 
namely p = Pc- The same result in the critical case without radial condition was 
obtained by Miao, Xu and Zhao [I6], for N > 9. The focusing case was treated 
by the last authors in HU. They obtained results similar to one proved by Kenig 
and Merle [9] in the classical Schrodinger case. See 1221 in the case of exponential 
nonlinearity. 


In this note, we combine in some meaning the two problems {NLS)p and {CNLS)p. 
Thus, we have to overcome two difficulties. The hrst one is the presence of bilapla- 
cian in Schrodinger operator and the second is the coupled nonlinearities. We claim 
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that the critical exponent for local well-posedness of fll.ip in the energy space is 
P ~ some technical difficulties yield the condition 4 < < 6. 

It is the purpose of this manusrcipt to obtain global well-posedness and scattering 
of fll.ip via Morawetz estimate. 


The rest of the paper is organized as follows. The next section contains the main 
results and some technical tools needed in the sequel. The third and fourth sections 
are devoted to prove well-posedness of fll.ip . In section hve, scattering is established. 
In appendix, we give a proof of Morawetz estimate and a blow-up criterion. 

We dehne the product space 

H := X ... X H\R^) = [H\R^)]"^ 

where H^{R^) is the usual Sobolev space endowed with the complete norm 

lkllH2(RJV) := (lkllL2(Rjv) + ||An||^2(Rjv)j . 


We denote the real numbers 

p* := 1 + 4 and p* : = 


— if N > 4- 
oo if N = A. 


We mention that C will denote a constant which may vary from line to line and if A 
and B are nonnegative real numbers, A < B means that A < CB. For 1 < r < cxo 
and (s,T) G [1, cxd) x (0, oo), we denote the Lebesgue space U := UiR^) with the 
usual norm || . ||r := || . || • || := || • II 2 and 

^- 1-00 

I \\u{t)\\^j. dt 

0 

For simplicity, we denote the usual Sobolev Space := VF*’P(M^) and : = 

If X is an abstract space Ct{X) := C([0,r],X) stands for the set of contin¬ 
uous functions valued in X and X^d is the set of radial elements in X, moreover for 
an eventual solution to fll.ll) . we denote T* > 0 it’s lifespan. 





|M(t)||r dt 


\u\ 


L‘(L^) 


2. Background Material 


In what follows, we give the main results and collect some estimates needed in 
the sequel. 


2.1. Main results. First, local well-posedness of the fourth-order Schrodinger prob¬ 
lem fll.ip is obtained. 


Theorem 2.1. Let A<N<Q,l<p<p* and T G iF. Then, there exist T* > 0 
and a unique maximal solution to fll.lj] . 

ueC([0,r*),ir). 


Moreover, 

(1) uG (F^^(^([0,T*],1F2’2 p))(”^); 

(2) u satisfies conservation of the energy and the mass; 

(3) T* = 00 in the subcritical case (1 < p < p*). 
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In the critical case, global existence for small data holds in the energy space. 


Theorem 2.2. Let 4 < N < 6 and p = p*. There exists cq > 0 such that if 



possesses a unique solution u G C(M, H). 


Second, the system fll.ip scatters in the energy space. Indeed, we show that every 
global solution of fll.ip is asymptotic, as f —>■ ±cxo, to a solution of the associated 
linear Schrodinger system. 

Theorem 2.3. Let 4 < N < Q andp^ < p < p*. Take u G C(R, H), a global solution 
to fll.ip . Then 

and there exists tl' := ipfi, ■■■,'4’m) ^ H such that 

lim ||u(f) - = 0. 

t —>-±oo 

In the next subsection, we give some standard estimates needed in the paper. 

2.2. Tools. We start with some properties of the free fourth-order Schrodinger ker¬ 
nel. 

Proposition 2.4. Denoting the free operator associated to the fourth-order frac¬ 
tional Schrodinger equation 


yields 

(1) is the solution to the linear problem associated to {NLS)p; 

(2) =F i Jq u\u\'P~^ ds is the solution to the problem {NLS)p; 

(3) (e**^')* = 

(4) is an isometry of L^. 


Now, we give the so-called Strichartz estimate [T9] . 


Definition 2.5. A pair {q,r) of positive real numbers is said to be admissible if 


2<q,r<oo, (q,r,N) ^ (2,oo,4) and - = A^f- —-'j 

a V2 r / 


Proposition 2.6. Let two admissible pairs {q,r), {a,b) and T > 0. Then, there 
exists a positive real number C such that 

/ 0 \ 

(2.2) ||-u||i9 (^y2.r) < Cy\\uo\\H^ + ||z—M 

(2.3) II < C^ll AmoIIl^ + \\t^^u + ' 


The following Morawetz estimate is essential in proving scattering. 
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Proposition 2.7. Let 4:<N<6,l<p<p* and u G C{I,H) the solution to 
fll.ip . Then, 

( 1 ) ^fN>5, 


(2.4) 



Uj(t, x)\‘‘\Uj(t, g)P 

\x — y\^ 


dxdydt <u 1 ; 


(2) ifN = 5, 
(2.5) 


^// \uj{t,x)\^dxdt <ul. 


For the the reader convenience, a proof which follows as in [m ng , is given in 
appendix. Let us gather some useful Sobolev embeddings [1]. 


Proposition 2.8. The continuous injections hold 

( 1 ) whenever 1 < p < q < oo, s >0 and ^ ^ 

( 2 ) whenever I < pi < P 2 < oo. 

We close this subsection with some absorption result [25] . 

Lemma 2.9. (Bootstrap Lemma) Let T > 0 and X G C'([0,T],M+) such that 

X<a + bX^ on [0,r], 

where a, 6 > 0, 6 * > 1, a < (1 — 1 ) 7 -;^ and X(0) < — 7 ^- Then 


X < 


(eh)'B 
6 


e-i 


(06)^ 

a on [0,r]. 


3. Local well-posedness 

This section is devoted to prove Theorem 12.11 The proof contains three steps. 
First we prove existence of a local solution to fll.ip . second we show uniqueness and 
hnally we establish global existence in subcritical case. 


3.1. Local existence. We use a standard hxed point argument. For T > 0, we 
denote the space 

Et := (C'([o,r],7/2) 

with the complete norm 


|n||(r ; = 


j=i 


\u 




\Ui 


(^y 2 , 2 p) 


Dehne the function 


0(n)(t) 


m 

T(t)T — i / T{t — s)(^\uk\^\uj\^~^Uj{s)) ds, 
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where r(t)^ := We prove the existence of some small T,R > 0 

such that 0 is a contraction on the ball Bt{R) whith center zero and radius R. Take 
u, V G Et applying the Strichartz estimate fl2.2p . we get 


||0(u) -0 (v)||t < 

j,k=l 




Uj - \Vk\^\Vj\P 


8 p, _ 2 yp • 

^P(8-JV)+JV 


To derive the contraction, consider the function 

fj^k : C™ -)• C, (til, ^ |tifc|^|tij|^“^Mp 

With the mean value Theorem 
(3.6) 

IA»(“)“/j,‘('')l ~ 'l“jr ' + ^,\Vt\’’\Vj\’‘ ^ + \vt\'‘ ‘itJ,!’’ '}|u-v| 

Using Holder inequality, Sobolev embedding and denoting the quantity 

(I) := ||/j.,(u) - /m(v)II ^ . 

Lrp ^ ) 


we compute via a symmetry argument 


(I) < 

< 


IKltifel^® ^|tij|P ^ + \Uk\^\Uj\P ^)| 


u — V 


8 p 2 t) 

l^p(8_iV)+JV 


U — V 8p 

"" " Ly(L 2 p) 

8p-2N(p-l) 

< T llu —v" 


P-^\u,\P-^ + \uk\P\u 


PU,^.|P- 2 | 


8p 


^ 8 p- 2 iV(p-l, 


^mp- 1 ) (^ 2 p)" 


PU, .|P -21 
'J I I 


L 5 ?(LP=T) 


8p-2JV(p-l) 

< r 8p llu —VI 


(L 2 p) 


ti' 


,P-1| 


2 p ti' 


,P-1| 


L 5 ?(Lj^) 


2p 


+ ll«fclU??U 2 )||M' 


P-21 


2p 




8p-2JV(p-l) 

< T 8p ||u-v| 


jv(phi) (ll'*^*^llL5f(L2p)||'f^iirL;p(L2p) + ||'WA:||'^^(j^2p)||'Uj||‘^^(^2p) 

Lj, (L 2 p) 


|P-1 


L 5 ?(LP=T) 


+ ll^.ll^ 


IP-2 


IP-2 


8p-2N(p-l) / 

< r 8p ||u — v|| (^ll'*^fcllL 5 f(tt 2 )ll'^illi 5 ?(tt 2 ) + ll'^fc|lL5P(it2)||'f^illL;p(172) 

Lj, (L 2 p) 


Then 


X] - fj,kM 


8p 


' pC8-JV)+JV . 

fc,i=i W p ) 

It remains to estimate the quantity 

llA(fj^k(u) - fj,k( 


2p rsj 


8p-2Af(p-l) „ 

< T ®p R^^ ||u —vll'p. 


8 p 2 d 

lH8-N) + N 
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Write 

^^((/i,fc(u) - /i,fc(v)) 


Un(/j,fc)i(u) - fc)i(v) Ui{fj,k)ii{u) - Vi{fj,k)iiiv) 

(«? - ifj,k)iiiu) + vl [ifj,k)iiiu) - . 


Thus 

ll^(/i,fc(u) 


Sp 


LP{S-N) + N 


< 


< 


II E(“ - 

IIE''••((/«)<(«) - (&).(v))|| ^ 

i [1^ ) 

IIE (“? - 

II El”‘t((/M-)ii(u) - (Tt)<i('')) II ^ 

i Lrj, } 

( 2 ^ 1 ) + ( 2 ^ 2 ) + ( 2 ^ 3 ) + (2h)- 


Via Holder inequality and Sobolev embedding, we obtain 


( 2 : 1 ) < ||A(u-v)|| 8P \\\uk\^ ^\uj\P ^ + \uk\P\uj\P 2|| Sp ^ 

^^(p-l) (^2p) " "^8p-2iV(p-l) 


8p-2iV(p-l) 

< r^^||A(u-v)|| ^ 

L^iP^ (L2p) 

Sp-2N(p-l) 

< T 8p ||u —v||'r 

Sp-2N(p-l) 

< T 8p llu —vIIt 




PU, .|P-2| 


IL2?(L7^) 


(iLtll 

(iFtll 


L^iL^P) ll'*^illLS?(L2p) 


ip-l 


+ \\Uk\\ 


LS?(L2p)ll'^^illL2?(L2p) 


IIP-2 


LS?(H2)ll'^illL2?(H2) 


ip-l 


+ ll'^^fcll 




|p-2 


With the same way, 


(A 2 ) 


< 


l|Av|| 


|u - v||i»(i2p)|||UfcP ^ + \Uk\^\Uj\P 


-31 


Sp 


'^8p-2N(p-l) 


(L2p) 

8p-2iV(p-l) 

- ^ K-r +Kri%r 

8p-2iV(p-l) / 

< T 8p ||Av|| l|u-v||i»(i 2 p)(^||ufc||P^(^ 2 ,)||uj||P^(^ 2 ,) + ||ufc||^ 

Lj, 

8p— 2iV(p — 1) / 2 1 3 

< T 8p ||Av|| 11^ “ ’'^IIt°°(H 2) + ||^^A:|li^(jy 2 )||^^illi^(J^ 2 ) 

Lj, 


II l|P“^ 

I,“(L2p)lFillL»(L2p) 
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Arguing as previously, 


(^ 3 ) 


< 

rs_/ 


< 

r\^ 


< 

rs_/ 


^ \Ui - UilMuil + |Uj|j(/,-fc)ii(u 


8p 2r, 

P(8_JV)+JV 

iV(p-l) 


E 


8 p |||Ui| + |Ui|||£,^(i 2 p)r 8 p |||ufc|P 2 |^^.|P 1 31 

(L2p) ^ ^8p-3iV(p-l) 

iV(p-l) 


^||Uj-Ui|| ^^^ 8 p IllUil + |Ui|||x,^(i 2 p)r 8 p II ^ ||u;. II ^ 


L^lp=^ (L2p) 


.,P-2| 






L^(Ll^) 


+ lkfcllL5?(L2)ll'*^' 


p- 3 | 


ill '1 II 4 p , 


]t 


8p-3N(p-l) 

8 p 


< 

rv_/ 


8p-2iV(p-l) 


/ _2 —1 —3 \ 0P-2A^( 

;v(p-l) + ||^^A:|li^(j^2)||'Wj|li^(J^2)j7' 8p 

Ly (L2p) 

With the same way 

N(p—1) 

(X 4 ) < iiu-v|| 8p iiviii^(i2p)T^i^|||ufcr>j|p-^ + iufcriujr^ll 2p ^ 

^ VliTTiy (^2p) ^2p-iV(p-l) 


4p — N{p — l) 

< T 4 ^ ||u_v| 


Ly’ (L2p) 


(llfill 


p -3 


L5?(L2p)il'“jlli^(L2p) 


IIP-I 


+ 


LS?(L2p)ll'*^jllL^(L2p) 


lip—4 


4p—W(p— 1 ) 

< T ^ llu-v|| 


^ |.^2p) 


Il“(_h'2) I 


(||Ufc||^^(^2)||Wil|^^(jy2) + ll^fc|lL5?(//2)||Wil|^^(jy2)y 


Thus, for T > 0 small enough, 0 is a contraction satisfying 

\\(j){u) - 0(v)||t < t"" -ip R^P~^\\u - v||t. 
Taking in the last inequality v = 0, yields 

II'#'(u)IIt < + ||.#(0)||t 


Since 1 < p < p*, 0 is a contraction of Bt{R) for some R,T > 0 small enough. 


3.2. Uniqueness. In what follows, we prove uniqueness of solution to the Cauchy 
problem fll.ll) . Let T > 0 be a positive time, u, v G Ct{H) two solutions to fll.ip 
and w ;= u — V. Then 

^ {\uk\^\uj\P~‘^Uj - \vk\^\vj\P~‘^Vj), Wj{0 ,.) = 0. 

k=l 

Applying Strichartz estimate with the admissible pair (g, r) = (7y^^qy,2p), we have 

m m 

l|u- 

j=i k=i 
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Taking T > 0 small enough, whith a continuity argument, we may assume that 

max < 1. 

j=l,...,m ^ 

Using previous computation with 


(X) := \\fj,kH - fj,kH\\ 




\uk\^\u. 


IP-2 


Ml 




IP-2. 




we have 


(I) < 

< 


Then 




8p 2„ 

^p(8-JV)+JV 


U — V 8p 

^p(8-]V) + ]V 


P-iu.lP-1 


< 


u — V 


^ p(8Xi^)+iV , , A ' * 11 I Xy (L2p) ^ ll“fcllL5?(L2p)ll“jllL“(L2p) 

Lrp [L i^) 


\P-1 


+ \Uk\^\u 


PU, .|P-2| 
J I 


L5P(LP^) 


\U 


|P-1 


+ hkW] 


\Ui 


(i-N)p+N 

< T 4p ||u_v| 


(L2p) 


I l|P—^ II l|P—^ -L II l|P II l|P—2 


(4-iV)p+iV 

|W||(L|, (Lr))(m) < X 4 p ||w||(^?(^r))(m). 


Uniqueness follows for small time and then for all time with a translation argument. 


3.3. Global existence in the subcritical case. We prove that the maximal solu¬ 
tion of fll.ip is global in the defocusing case. The global existence is a consequence of 
energy conservation and previous calculations. Let u G G([0,T*),iL) be the unique 
maximal solution of mill. We prove that u is global. By contradiction, suppose 
that T* < oo. Consider for 0 < s < T*, the problem 


(3.7) 


(P.) 


'ft”! + ^'‘"i = Xi l'’‘l' 






k=l 


Vj{s,.) = Mj(s,.). 


Using the same arguments used in the local existence, we can prove a real r > 0 
and a solution v = (ni,...,^^) to {Vg) on (^([s, s-|-r], if). Using the conservation 
of energy we see that r does not depend on s. Thus, if we let s be close to T* such 
that T* < s + T, this fact contradicts the maximality of T*. 


4. Global existence in the critical case 

We establish global existence of a solution to fll.ip in the critical case p = p* for 
small data as claimed in Theorem 12.21 

Several norms have to be considered in the analysis of the critical case. Letting 
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/ C M a time slab, we define the norms 


|m||a(/) 


IIAnll 2(N+4) 2N(N+4) J 

L n-4 (7,L JV^+16 ) 

llVnll 2(N+4) 2N{N+4) ; 

L N-4 (/,I,Ar^-2iV+8) 

"U 2(JV+4) 2(JV+4) : 

L N-4 (^I^L N-4 ) 


liVnII 


2N . 
L2(7,L^+2) 


Let M(M) be the completion of with the norm ||.||m(k)! and M{I) be 

the set consisting of the restrictions to I of fnnctions in M(R). We adopt similar 
definitions for W and N. An important quantity closely related to the mass and the 
energy, is the functional ^ defined for u G if by 


^(u) = 


m 

E 

i=i 


I dx. 


We give an auxiliary result. 


Proposition 4.1. Let 4 < N < Q and p = p*. There exists 5 > 0 such that for any 
initial data 'L G if and any interval I = [0,T], if 

m 

i=i 

then there exits a unique solution u G C{I, if) of fll.ip which satisfies u G {M{I) fl 
L ' \f X Moreover, 

m 

lkilliv(/) < 2h; 

i=i 

m m 

E V—^ iVd-4 

||iij||Ar(/) + < C'(||\['||jy2 + 5^-4). 

j=i i=i 

Besides, the solution depends continuously on the initial data in the sense that there 

m 

exists 6o depending on 6, such that for any 5i G (0, Sq), if''^^ Wijjj — (pjWfj'i < and v 

i=i 

be the local solution of (HU with initial data p := {pip, ...,(pm,o), then v is defined 
on I and for any admissible couple {q,r), 

11^ ~ ^ll(L'?(7,L’’))(’") — C6i. 

Proof. The proposition follows from a contraction mapping argument. For u G 
(hF(f))(™'\ we let 0(u) given by 


0(u)(t) 


m 

T(t)4/- ij2 / nt-») 


life I ^-4 \ Uj\^-'^Ujy 


(s)) ds. 
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Define the set 

m m 

Xm,5:={uG (M(/))(™); E \Wj\\w{i) < 25, E ||ltj|| 2(JV-|-4) 2(Ar-|-4) < 2M} 

j=i j=i ^ ^ ^ ^ 

where M := (71111/11 (^ 2 )(m) and 5 > 0 is sufficiently small. Using Strichartz estimate, 
we get 


lib 

||(/)(u) — (/)(v)|L 2(N+i) 2(iV-|-4) x(m) < > , ,A,A;(u) — /i.fc(v) 2(N+4) 2(N+4) ■ 

yL W (7,L W )j ) 

Using Holder inequality and denoting the quantity (JT”) := \\fj^k (u)-/y fc(v) ||^ 2(^^+4) ^ ^2(N^ , 
we obtain 




< 

r\j 


< 


i8-iV\ 

1 1 

|li,-|iV-4j 

1 u — V 


2(y+4) 
(L A'+S ) 


u — V 


2(JV-|-4) 2(iV-|-4) ( ^11 

\\Uk\\ 


N , , 8-N I 


jv+4 + Wfcr-U^i 
T 


4 

I iV-4 


< ||U — V|| 2(JV-^4) 2(iV-h4) 

Ly ^ (L N ) 

JV 8-iV 

w ||U-fc|| 2(iV-^4) 2(iV-|-4) II “'ll! 2(JV-|-4) 2(iV-|-4) 

{L n-4 ) (l n- 4 y 

By Proposition 12.81 we have the Sobolev embedding 


4 

N-4 


2(iV+4) 2(iV+4) 2(iV+4) 2(iV+4) 

(LT^=^) (L JV-4 ) 


.^+4 JV-l-4 


hence 


iJ) 


|r|| 2(N+4) 2(N+4) S, I|Vm|| 

L n-4 (^I^L n-4 ) 


2(jv+ 4) 2iV(iV-|-4) , 

L (7,L7V2-2iV+8 ) 


< 


|u v|| ^ ^ 2(iv+4) i llIInil'llIIivfn 




4 

iV-4 


4 

JV-4 


+ Ikfcll 


JV 8-JV \ 

iV-4 II II JV-4 \ 

^(pll^llllFp) J 


< (ijv-4||u —v| 


2(.y+4) 2(JV-|-4) ■ 


Then 


||0(u) -(^(v)|L 2(iV+4) 2(iV+4) 


1/ 2{l\+4) 2(JV-t-4J \ (m) ^5-^ pl "^1/ 2(JV-t-4) 2(JV-t-4) \ (m) . 

[L W (7,L W )j \^L W (/,L JV )j 

Moreover, taking in the previous inequality v = 0 , we get for small 5 > 0, 


||(/>(u)|| 2 (JV^ _ 2 (JV^^N^(m) < (7||T||(i2)m + 5^-4M 


I / 2(JV-|-4) 2(JV-|-4) ^ 1 

[L W (I,L JV )j 


< (1 + 5^-4)M 

< 2M. 


2(N+4) 2{N+4) 

With a classical Picard argument, there exists u G L x (J, L jv ) a solution to 
fll.ip satisfying 

||u|| / 2(JV-|-4) 2(JV-|-4) \ (m) E 2M. 

[L —3V——)j 
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Taking account of Strichartz estimate we get, 


in 

l|u||{M(7))(’") ^ ll^^ll(L2)(m) + 


j,k=l 


Let (Ji) := ||V/,,fc(u)|| 2 N . Using Holder inequality and Sobolev embedding 

Lrp{L ^+2 'j 

with, yields 

(^l) ~ \\\Vu\(\Uk\^\Uj\^ + \Uk\^\Uj 


8-N 

iV-4 


2N 


< 

r\j 


< 


llVull 2(y+4) 2N(N+i) 

{L iv2-2iV+8) 


4 ^ iv 8—N 11 

\Uk\^-‘^\Uj\^-‘i + \Uk\^-^\Uj\^-^\\ jv+4 


(L^) 


4 

llVull 2(A^+4) 2W(iV+4) (||‘^/i:|| 2(iV+4) 9r/V-l-d'l 11j 11 2(Af+4) 

(LiV^-2iV+8) V ^^N-A L^N-A 


4 

I N-A 


N 

I N-A 


8-N 

N-A 


^ \\^k\\ 2(N+A) 2(N+A) II 2(iV+4) 2(iV+4) 

{L n-a ) (L ^-4 ) 


4 

I iV-4 


iV 8-N 

ll'u/ 


CT" II II I II II -^—4 II II A'—4 I II 

Then 

m 

ii^ii(Af(/))M ii4^iig+ii^ii(w(j))("")(ii'^fc 


N 8-N \ 

_L II II A—4 II II A-4 \ 


A 

I N-A 


A 

I A-4 


j,k=l 

^ II II A+4 


By Proposition I2.81 we have the continuous Sobolev embedding 

^ 2iV(JV+4) , 2N(A 

’ iV2 + i6 Af2_2 


2iV(A+4) 
-2A+8 


So, it follows that 

(4.8) l|u||(^y(/))(m) < ||u||(M(/))(™). 

Thanks to Strichartz estimates Ea we have 

l|u||(w(/))M ~ '^+11/ “'S)/j,fc('^) 4s||(vi/(/))(™) 

Jo 

< 5+11 / T{t-s)fj^k{u)ds\\^Mm-^) 

Jo 

< 5+||u| 

so, by Lemma 12.91 


N+A 
I N-A 




l^ll(iy(7))(^) ^ 25. 
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Taking an admissible couple {q,r), we return now to the lipschitz bound ( 1 / 2 ) : = 
11^ “ By Holder inequality and Strichartz estimate, we have 


iJ2) 


< 

rs_/ 


< 

r\^ 


1^ “'dll(L2)(™) + ll/i,A:(u) —/j,A:(v)|| 2(n+4) 2(jv+4) 

^ ^ LTV+^(7,LTV+^) 

m 

E ll / 4 4 N 8-N \ II 

IK Itifc 1^-4 |n,- 1^-4 + |Ufc 1^-4 |tt,-1^-4 )|u-v| II 2(N+4) 2(N+4) 

"V ■’ ) L ^+8 (/ L ^+8 


j,A;=l 
m 

< ll'k — <p||(i2)(m) + ||U— V|| 2(iV-|-4) 2(iV+4) 

i,fc=i ^ " BT « ) 

iV S-AT 

iV-4 II II iV-4 

2(Ar+4) 2(Ar+4) ||“j|| 2(JV-|-4) 2(Ar+4) 

L W-4 {I,L W-4 ) L W-4 (/,L W-4 ) 


4 

iV-4 


2(Ar+4) 2(JV+4) ll^JII 2(N+4) 2{N+4) 

L N-4 (^I^L N-4 ) L JV-4 N-4 ) 


4 

I iV-4 


+ 

< 11^- 


y>||r/-2'i(m) + (5^-4 ||u — v|K 2(Ar+4) 2(Ar+4) ^ 

'■ (l— w—(/,L—W—)j 


(m) • 


The proof is ended by taking 6 small enough. 


We are ready to prove Theorem 12.21 


Proof of Theorem 12.21 Denote the homogeneous Sobolev space H = 

Using the previous proposition via fl4.8p . it suffices to prove that ||u||h remains 
small on the whole interval of existence of u. Write with conservation of the energy 
and Sobolev’s inequality 

||u||h < 2E(T) H- / \uj{x,t)\^\uk{x,t)\^ dx 

m 

< C(C(<I-) + e(>I>)J&)+C(j;||A«j|ia^ 

i=i 

N 2^ 

< C(f($) + e(>I>)J'=i)+C||u||5-. 

So by Lemma 12.91 if ^(T) is sufficiently small, then u stays small in the H norm. 


5. Scattering 

For any time slab /, take the Strichartz space 

S{I) := C{I, H^) n 


endowed the complete norm 




\u\ 


LN(p-I) ^ 4^2,2p) 


The first intermediate result is the following. 
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Lemma 5.1. For any time slab I, we have 


2pN(p-i)-ap 
^ ll„ll iV(p-l) 


|u(t)-e* ^||(s(/))(-) ^ l|uL x(™)l|u| 

{^L°° {I ,L^P)) 


8p-N(p-l) 
I iV(p-l) 

I / Sp 


(LiV(p-l) (^j yy2,2p^'^ 


Proof. Using Strichartz estimate, we have 


|u(t) ll/i,fc(u)|| ^ 


IP(8-N}+N (I^W 


Thanks to Holder inequality, we get 


\\fj,k\\ 


< lll7/,JP|7/,dP-d 


^<\\uk\\i2p\\u,r-,i- 


Letting ^ = 9 := we get p - 9 = 2 jv(p-"~i)^ and p - 1 - p = 


_ A(p-l)(2p+l)-8p 


^^^ 2 jv(y-i)^ Moreover, 




LP(8-N)+N 




lp{a-N)+N ( 7 ) 


< ii77jir_'^. 


IP-l-M 




L°°{I,L^P) 11% II L°°(7,L2p) II l%fe|lL2p ||%il £,2p 


Sp 

\j^p(S-N) + N (/) 




L^(p-i) (/,L2p) L^(P-I) iI,L^P) 


Then, 


y~! Wfir 


A: Sp, 


IP-l-M 


^p(8-JV)+JV j 


\L--iI,L2p)\m\\L--iI,L^P)\\'^k\\ 8p \\Uj\ 


LN(p-I) (i^l^p) l^^p-^) iI,L^P) 




I,°“(/,L2p) l%fc|| Sp 


L^(p-i) (/,L2p) 


E IU, lU/.P 

II %IIl°°(7,L2p)II %ll 


L^ip-n {ip'^p) 


1 m 

\p-e 


^fc|lL°°(/,L2p); 


rr E 


'^/c|| 8p , 

(/,L2p) 


1 m 

lP-i-/i f 




rr E 


^ LiV(p-l) (/,I,2p) 


2pJV(p-l)-8p 
I iV(p-l) 


p-N(p-l) 

N(p-l) 


{L-iI,L^P)y^^" "(l^(/,L2.))< 


It remains to estimate the auantitv fXl ;= II Af f 7 i.fu')')|| sp 2 » . Write 


(^) ~ ll^u(/,-fc)i(u) 


j^p{8-N) + N 


+ ll|Vu|2(/,.fc)ii(u)|| 8£ 


j^p{8-N) + N 


(Il) + (l2). 
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Using Holder inequality, we obtain 


||Au(/j'fc)i(u)|| ^ ^ ||Au(|Mfc|^ ViT ^ + \ukf\'^j\^ ^)|| ^ 


< 


< 


||Au||(i2p). 


P-^\uAP-^ 


||Au||(i2p)™f + \\Uk\\l2p\\Uj\\l2p ) ■ 


+ 


nu.r^i 

-A 


'LP- 


Letting 9 = ^ = a = (3 =: we get p - I - 9 = and 


i^i) 


< 


< 

rsj 


< 

r\j 


< 


\\Au\\(^L2p)rn(^\\Uk\\l2p\\Uj\\l2p + 11 11 ^2^ 11 Rj 11 ^2^ 

l|Au|| 


8p 

ip(8-JV)+JV 


l|Au|| 

Ik.ll 

l|Au|| 


8p 


(m) 


(m) 


P-1|U, .||P-1|| „ I 

r 2p ^ ? r 2p _ °P ^ 

Jlin ^ llj^8p-2]V(p-l) 






P—1—0 


L°°(7,L2p)lPjllL°°(7,L2p) 


ip-i-p 


u 


'illi,2p I 


i8p-2JV(p-l) 


p—Q; 


L°°(7,L2p)ll'^7llL°°(7,L2p) 


IP-2-/3 


U 


(^LNip’-e (i,L^p)) 


(m) 


p—1—6 


illL2p ||^8p-2^^(p-l) 


L°° (I,L^P) 11 11 L°° (LL^P) ||Wfc|| 8p ll'^iir 8p 

\ > J iJV(p-i) (7,L2p) iiV(p-i) (/,L2p) 


IP-l-P 


I II ||p—CK II |m—2—/? II mq; 

+ IPA:|Uoo( 7 £,2p) II WdlL°°(7,L2p) l^fcll 8p 




1/3 


LN(p-I) (ip^P) ^]V(p-l) (/^X,2p) 


Then, with ^ ;= > || Au( U.fc)i(u)|| sp 2 p , we have 

^ n yii ^ , 


^ < 




U (/,I,2p) 


X 


X 


ll«fc|lioo“^,L2pjMfc|| ^ 


J = 1 
m 


iJV(p-i) (7,L2p) 

/3 


L^(P-i) (/,L2p) 


E ll ||P~2—/3 II 

ll'*^illL°°(/,L2p)l|31jl| 8p 

L^(P-I) (7,L2P) 
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This implies that 






2 \ 2 


k=l 
1 m 


^ (ll“illL°°(/!L2p)) ) (y~! (Il'^ill^ Sp 

^ ^ ^ L^(p-I) (I,L2p) 


2 \ 2 


+ 


i=i 

m 1 m 


2 \ 2 


k=l 

m 


1 m 


(E(iKK»th-,)T(E(ii 




\\P 


i=i 


LiV(p-i) (I^L^P) 

2pN{p-l)-8p 8p-2N(p-l) 

II M N{p-1) II II N(p-l) 

.C"i)ll^ll/ x(m)l|^ll , _8p 


(5.10)^ [I U 11 ^ _ , ^P —^ \(m)ll“ll/ \(m)ll“ll, »P , 

(^L^(P-l) (/,Vl/2.2p)j (^2.°°(J-^^2p)j {I,L'2p)y 


Similarly, with S ;= || |Vud(/j_fc)jj(u)|| sp 2 p , we obtain 


e s; E 

j,fc=l 


2 1 U,.|P-2|^.|P-1 + |^^|P|„^.|p-3 


8p 2p 


j;^p(8-A)+JV (/^2,2^=T) 


( 6 . 11 ) 


< 


u 


2piV(p-l)-8p 8p-3iV(p-l) 

iV(p-l) II II iV(p-l) 


/ \ {m) 11^11/ \ (m) II ^11 / 8p \ 

(^^JV(p-l) (/jy2,2p)j |^j;^<x>(/^i2p)j (^LJV(p-l) (7,L2p)j 


, (™) ■ 


Finally, thanks to fl5.9p - fl5.inp - fl5.lip , it follows that 


2pA^(p-l)-8 

^itA^iTrll <r^ ll-.^ll -^(p-1) 


|u(t)-e* ^||(5(7))(-) ^ l|u| 


Sp-N(p-l) 

JV(p-l) 

8p 


/ \ II ^11 / 8p . 

pL°°(7,L2p)j (/^iy2,2p^J 


: ("l) ■ 


The next anxiliary resnlt is abont the decay of solntion. 

Lemma 5.2. For any 2 < r < we have 

lim ||u(t)|birym) = 0. 

Proof. Let y G be a cut-off function and ifn ■= {Pi, ■■■, Pm) be a sequence 

in H satisfying sup ||(/9n||R < oo and 

n 

ipn ^ F ■ (V^l) ■•■) Pm) ^ H. 

Let u„ := («”,...,«”) (respectively u := {ui, ...,Um)) be the solution in C(M.,H) to 
fll.ip with initial data (respectively ip). In what follows, we prove a claim. 

Claim. 

For every e > 0, there exist > 0 and G N such that 
(5.12) ||y(u„ - u)||(^^^(^ 2 ))(m) < e for all n > n,. 
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In fact, we introduce the functions v„ := xu„ and v ;= xu. We compute, t”( 0) = 
and 

tdtv'^ + = A\u] + 2VAxVu] + AxAu] + 2VxVAu] 

N m 

+ 2(VAxV< ++ +x(5^|<nR"r'<). 

i=l k=l 


Similarly, Uj(0) = x4>j and 

idtVj + A^Vj = A^x'^j + 2VAx'Vuj + AxAuj + 2VxVAttj 

N m 

+ 2(VAxVwj + VxyAuj + 2'^'Vdix'VdiUj) + x(^ \uk\^\uj\^~‘^Uj). 

i=l k=l 


Denoting w„ := v„ — v and Zji := u„ — u, we have 


idtw'^ + A^w'^ = A"x< + 4VAxV< + AxA< + 4VxVAz" 


> 2 ^ 


N 


4j2^d,xVd,zJ + x{Yl 


n\p\„.n\p -2 n 


Ui.ru 


J I 


-'^\Uk\ 




i=l 


k=l 


k=l 


By Strichartz estimate, we obtain 




8p 


< 


llx(<dn - <^)||(L2)(-) + ||A^xz„||(^i (^2 ))m + 4||VAxVz„||(^i (^2))(. 


+ 4|| VxVAz„||(2,i(L2))(m) + 4|| V(9jxVcljZ„||(2,i(L2))(,i 

m 


lP&-n)+n 


J,fc=l 


Thanks to the Rellich Theorem, up to subsequence extraction, we have 

e := Ilx(v5n - V?)||—^0 as n —^ cx). 

Moreover, by the conservation laws via properties of y, 

Xi ;= \\A^x^n\\(L\.(L^))(^) +4||VAxVz„||(i^(i2))M +4 ||VxVAz„||(^^(^2))m + 4|| V(9ixVaiZ„||(i^(i 

~ ll^rill (L^(L2))(’") + ll^^nll (L^(L2))(’") + IIII (L^(L2))(’") + ll^'^i Zn|l(L^(L2))(-) 

< CT, 


where 


C : = 


u 


(L°°(R,R2))(m) 




(L“(R,i72))(m) . 
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Arguing as previously, we have 
X 2 := 


Sp 




< 


< 


\\xi\u 


n\p-l\yn\p-l 


\Uk\^\Uj\P ^)|u„ 


U 


Sp Or, 

P(S-^>+^ 


||xK-u)|| Sp 

Lp{8-N) + N (.(^2p)(m)) 


Il7/"'I|P“^ 4- 11,,, IIP lli; .||P“2 ^ 


8p-2Af(p-l) 

< T 8p llwp 


8p-2Ar(p-l) 

< T 8p llwp 


8p-2Ar(p-l) 

< T 8p llw^ 


As a consequence 


L^{P-1) ((j;^2p)(m)) 


,n||P-l IU,’^I|P“^ 

^A:IIL5?(H2)II “j llL5?(_f/2) 


+ llWfcll 


I,5?(/l2)ll'WjllL^(//2) 


IIP-2 


((L2p)(™)) 

I 8p 

lA^^{(L2p)(™)) 


|„.n||2(p 1) I II n||2(p 1) , |L, ||2p i lU, .||^(P 2) 

l“'fcllLS?(J?2) W II Uj ||£,^(J42) II “'fc|lLS?(n2) II llL^(i42) 


Wr, 


L5?(L2)nL^fP ^>{L2p)) 


<C f 

(m) rsj 


< 

rNj 


8p-2iV(p-l) 

CT + T 8P II W,; 


T 


LN(p-1) ((L2p)(m)^ 


1-T' 


p-2JV(p-l) 


The claim is proved. 

By an interpolation argument it is sufficient to prove the decay for r := 2 + ^. We 
recall the following Gagliardo-Nirenberg inequality 

(5-13) \\Uj{t)\\l~\j < C'||Mj(t) 11^2 (sup ||uj(t)||L 2 (Q^(,,)) 


where Qa(x) denotes the square centered at x whose edge has length a. We proceed 
by contradiction. Assume that there exist a sequence (G) of positive real numbers 
and e > 0 such that lim t„ = oo and 

n^oo 

(5.14) ||uj(t„)||^ 2 +^ > e for all neN. 

By fl5.13p and fl5.14p . there exist a sequence {xn) in and a positive real number 
denoted also by e > 0 such that 


(5.15) \\uj{tn)\\L^(Q^(xr,)} > e> for ah neN. 

Let (f)^{x) := Uj{tn, x + Xn). Using the conservation laws, we obtain 

sup || 0 ”||r /2 < cx). 

n 

Then, up to a subsequence extraction, there exists (j)j e such that 0” convergence 
weakly to in H^. By Rellich Theorem, we have 

lim U] - (pjWmQ^m = 0. 

Moreover, thanks to fl5.15p we have, ||0j ||l2(q^(o)) ^ So, we obtain 

ll'^ilUhQi(o)) ^ 
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We denote by Uj G C{M., the solution of fll.ll) with data and ti” G (^(M, H'^) 
the solution of fll.ip with data 0”. Take a cut-off function x ^ C^{R^) which 
satishes 0 < y < 1, y = 1 on Qi(0) and supp{x) C <52(0). Using a continuity 
argument, there exists T > 0 such that 

Now, taking account of the claim fl5.12p . there is a positive time denoted also T and 
rie G N such that 

||x(n” - hj)|U-(L 2 ) < I for all n > n,. 

Hence, for all t G [0, T] and n > n^, 

\\xu'](t)\\L 2 > \\xUj(t)\\L 2 - ||x(m” - Uj)(t)\\L 2 > 

Using a uniqueness argument, it follows that u^{t,x) = Uj{t + tn,x + Xn)- Moreover, 
by the properties of x and the last inequality, for all t G [0,T] and n > n^, 

\\Uj{t t„,)\\L^(^Q2(xn)) ^ 

This implies that 

\Wji't)\\L^Q 2 {xn)) > for all t G [tn,tn + T] and all n > n^. 

Moreover, as lim = cxo, we can suppose that tn+i — tn > T for n > rie. Therefore, 

n—>-oo 

thanks to Morawetz estimates fl2.4|h we get for N > 5, the contradiction 

1 


Using fl2.5p . for 


1 > 

p(X) 

Jo 

IK*i(0llL4(KS)df 


ptn-\-'T 

> 

r\j 

E 

/ hM\lHQ2(Xr.))dt 

J tn 



ntn-\-T 

> 

r\j 

E 

71 


> 

r\j 

E( 

'^)^T = oo. 


n 


> 


> 

r\j 


> 

r\j 


\uj{t,x)\'^\uj{t,y)(^ 


E 


XK' 


\x - y\" 


dxdydt 


' Q2{Xn)xQ2{Xn) 


\uj{t, x)\‘^\uj{t, y)\‘^ dxdydt 


6x4 


Ebb 


= oo. 


N = 5, write 
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This completes the proof of Lemma I5.21 

Finally, we are ready to prove scattering. By the two previous lemmas we have 


p-N(p-l) 

N(p-l) 


where e{t) ^0, as t —)■ oo. It follows from Lemma [2.91 that 

u G (F(R))(”"\ 

Now, let v(f) = Taking account of Duhamel formula 


m 

v(f) = T + i ^ [\ukf\ujf~‘^Uj{s)) ds. 

, Jo 




Thanks to fl5.9l) . fl5.inp and flh.lip . 


2p 


/yfc(u) G Lp( 8-^) (M, hF"^’2p 
so, applying Strichartz estimate, we get for 0 < t < r, 


|v(t) - v(r)||H < X] lll^fcl 


j,k=l 


Taking u± := limt^±oo v(t), we get 




lim ||u(t) — = 0. 

t—>-dioo 




t,T^OO 

2p —y 0 . 


Scattering is proved. 


6. Appendix 

6.1. Blow-up criterion. We give a useful criterion for global existence in the crit¬ 
ical case. 


Proposition 6.1. Letp = and u G C([0, T), iL) be a solution of fll.ip satisfying 
l|u||(z([o,T]))(’") < + 00 . Then, there exists K := A(||T||j:/, ||u||(^([o,t ]))("*))5 swch that 


(6.16) 


u 


/ 2{N+i) 2{iV+4) ^ 

[L —W— {[0,T],L—^ —)j 


2(JV+4) \ (m) + l|u| 


d[ 0 ,T],H)) 


(m) -f U 


l(A/'([0,T]))(™) ^ ^ 


and u can be extended to a solution u G (^([O, T'), H) of fll.ip for some T' > T. 


Proof. Let p > 0 a small real number and M := ||u||(^(jQ 2 ’]))(m). The first step is to 
establish fl6.16p . In order to do so, we subdivide [0, T] into n slabs Ij such that 

, M , 2(JV+4) 1 II 11 

n~(l + —)^-4 and ||u||(^qo,t]))(-) < 
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Denote (^) ;= and Ij = [tj,tj+i\. For t G Ij, by Strichartz estimate 

and arguing as previously 


(^) — ||u(t 


DllH 


< 


l|V/,,fc(u)|| 


2N \ (m) 


(L2([U,t],LT^)) 


< 

rsj 




2(iV-|-4) 


j,k=l 


L N-i ([tj,i],LiV^-2Af+8) 


4 

2N{N+A) I Il'Ufcll 2~(JV+4) 


2(iV+4) 11 11 2(iV+4) 


4 

I N-A 


2(iV+4) 


L ^-4 ([tj,t],L ^-4 ) L ^-4 ([tj,t],L ^-4 ) 


N 

\l!i 11^"^ 
\^k\\ 2(iV+4) 


2(iV+4) 11 11 2(Af+4) 


8-N 
I iV-4 


2(A^+4) 


L ^-4 {[tj,t],L ^-4 ) L ^-4 [tj,t],(L ^-4 ) 


< 

r\j 

< 


u 


iV —4 


8 

I N-A 




U 


!]))(-)• 


Take (i3) := ||u|| . 2(jv-i-4) 2(iv+4) \ (m). Applying Strichartz estimates, we get 

[L ^ ^ )j 


(S)-C||u(t,)||(^2)(.) < 


C ^ , 2(y+4) 


2(iV+4) 


j,k=l 


L N+& {[tj,t],L N+6 ) 


< 


yfc=i 


JV-4 \uA N-4 I 


, -^+4 




iV-l-4 "Ud 2(]V+4 
^ " J 11 r -\r 


2(jV+4) 


L N ([tj,t],L—7^7—) 


< 


N 

N~A 


8-N 
I iV-4 


C y ^ ||Rfc|| 2(]V+4) 2(JV-|-4) ll^jll 2(JV-|-4) 2(Af+4) ll'^jlL 

< Cllu"^ 


L N-i ([tj,t],L N-i ) L W-4 ^-4 ) L N {[tj,t],L- 

, 2('/V+4'l 2f/V4-41 , I'rr.'l I|H.|E 2(JV-|-4) 2(Af+4) ^( 

8 

< l|u|| ^ 2(JV-|-4) 2(iV+4) ^( 

- {[tj,t],L —w-)j 


2(iV-l 


, (m) 


< C?]' 


't 


S)' 


[L~^——TT 

If 7] is sufficiently small, with conservation of the mass, yields 


u 


^ 2{Af+4) 2(iV-|-4) ^(m) < C* 11 T 11 ^ f 2'i(m) 


and 


ll^ll (Ar([tj,t]))(’") — C'||u(tj)||H- 
Applying again Strichartz estimates, yields 

(m) < C'||u(tj)||H. 


U 


In particular, ||u(fj+i)||H < C'||u(fj)||H- Finally, 


u 




(m) + < 2 C'"'||T||h < +00. 
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The first step is done. Choose ^ In, Duhamel’s formula gives 


u(t) 




Thanks to Sobolev inequality and Strichartz estimate, 


|g*h io)A u(to)||(lV([to,t]))- 


^ III iV 8—N 11 

j,k=l 

N+4 


Dominated convergence ensures that the ||u||(v(/([tp^'r]))m can be made arbitrarily small 
as to T, then 

||gi(t-to)A u(to)||(iv([to,r]))’" < 5, 

where 6 is as in Proposition 14.11 In particular, we can hnd ti G (0,r) and T' > T 
such that 

||g*(i io)A u(to)||(W([ti,T']))’" < 

Now, it follows from Proposition I4.1l that there exists v G C'([ti,T'], H) such that v 
solves fll.ip with p = and u(ti) = v(ti). By uniqueness, u = v in [ti,T) and u 
can be extended in [0,T']. ■ 


6.2. Morawetz estimate. In what follows we give a classical proof, inspired by 
um, of Morawetz estimates. Let u := (mi, ...,Um) E H he solution to 

m 

idtUj + + ''‘^ajk\uk\^\uj\^~‘^Uj = 0 

k=l 

in A^i-spatial dimensions and v := (ui,..., Vm) G iL be solution to 

m 

idtVj + A'^Vj + ^2 ^jk\vk\^\vjf~‘^Vj = 0 
k=l 

in A'" 2 -spatial dimensions. Dehne the tensor product w := (u ® v)(t, z) for z in 
RN 1 +N 2 ^ xeR^hye 


by the formula 


(u(8) v)(t, 2 ;) = u{t,x)v{t,y). 

m 

Denote T'(u) := ajk\ukY’\uj\^~‘^Uj. A direct computation shows that w : = 

k=l 

u 0 V solves the equation 

(6.17) idtWj + A‘^Wj + T(u) 0 Vj + F{y) 0 Uj := idtWj + A‘^Wj + h = 


{wi, ...,Wn) 

0 
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where := -|- Ay. Define the Morawetz action corresponding to w by 


;= 2 


m „ 


'\/a{z).'A{uj ® Vj{z)'\/{uj 0 Vj){z)) dz 


= 2 


R^i xR^2 

Va(z).9=(w(z)V(w)(2;)) dz, 


Jm .^1 xR ^2 

where V := (V^, Vy). It follows from eqnation fl6.17p that 






(dtWjdiWj) = ^{-idtWjdiWj) = -^{{A^wj + '^ajk\uk\^\uj\^ ^UjVj + '^ajk\vk\^\vj\^ '^VjUj)diWj) 

k=l k=l 

m m 

WjdidtWj) = ^{-iWjdidtWj) = ^{di{A‘^Wj + '^ajk\uk\^\uj\^~‘^UjVj + ajk\vk\^\vj\^~‘^VjUj)wj). 

k=l k=l 

Moreover, denoting the qnantity := ^[hViVj — Wj'Vh), we compnte 

m m 

= di{^'^ajk\uk\^\uj\^~‘^UjVj + ^ajk\vk?\vj\^~‘^VjuYjWj 
k=l k=l 

m m 

— f ^ Cijk\Uk\^\Uj\^ UjVj + 'y %fc|uA:|^|Uj|^ VjUj^diWj. 


k=l 


k=l 


It follows that 


dtMf^ = 2J2 

i=i 


'R^i xR^2 


dia^{wjdiA^Wj — diWjA^Wj) dz — 2 ^ 


i=i 


'R^i xR^2 


dia{h, WjY dz 


- 2 E 

t=i' 


'R^i xR^2 
m 


[Aa^{wjA‘^Wj) + 2^{diadiWjA‘^Wj)~\ dz — ^^2 

i=i ' 


'R^i xR^2 


dia{h,WjY„d 


I,+I2-2JY 

i=i ' 


IR^i xR^2 

Similar compntations done in [18], give 


ditt^h, WjY dz. 


m „ . 

Z 1 +X 2 = 2 y]3fJ / \2{dif.A,^adiUjdkUj\vj\‘^ + dyf.AyadiVjdkVj\uj\^) - -{Al + A^) 

Jr^ixR^2 I- 2 


a\UjVj\ 


i=i 


{Ala\Vuj\^\vj\‘^ + Aya\Vvj\‘^\uj\'^) - 4:{di^adi^iUjdi^kUj\vj\‘^ + | dz. 


Now we take a{z) := a{x,y) = \x — y\ where {x,y) G x R^. Then calcnlation 
done in [18], yield 


dtMf^ < 2 y 3fJ 

i=i ■ 


'r^i xR^2 


{Al + Ay)a\ujVj\‘^ - 2dia{h,Wjy ] dz. 
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0 ^K"ix 


Hence, we get 

m 

T. 

i=i 

Then 

m 

E 


(A^ + Ay)a\ujVj\‘^ + 4:dia{h, Wj}l) dzdt < sup \Mf‘ 


3 ip 


[0,T] 


Jo JR™1 X 


k=l 


{{Al + Al)a\ujVj\^ + 4(1 - -)A^ay^]ajk\uk 

+ 4(1- )Aya'S~^ ajk\vk\^\vj\^\uj\‘^') dz dt < sup 

P ^ ^ [o,r] 




k=l 


Taking account of the equalities A^a = AyU = (A — l)|a; — y| ^ and 


A^a = A^a = 


Cd(x - y), 


if A = 5; 


3(A-l)(A-3)(A-5)|a;-?/|-^ if A > 5, 
when A = 5, choosing Uj = Vj, we get 


m pX 


E 


j.i •'» 


\uj{x,t)\* dx dt < sup 
[o,r] 


If A > 5, it follows that 


m 


This hnishes the proof. 


\uj{x,t)\‘^\u{y,t)? 

\x — y\^ 


dx dy dt < sup | |. 

[0,T] 
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